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The purpose of the present paper is to show some asymptotic properties 
of the dynamical system described by a partial differential equation of the 
first order 
u, + C(X)% = Mx, u)u, (t, x) E R, x A. 
(1) 
Equation (1) is considered with the initial condition 
u(0, x) = u(x) for XEA. (2) 
Here A denotes the interval [0, L], R, = [0, co) and c, f are given con- 
tinuously differentiable functions defined on A and A x R, respectively. We 
assume that c and f satisfy the following conditions: 
c(0) = 0, c(x) > 0 for O<x<L; (31) 
f(x, u) GM for (x,u)~AxR+, (31,) 
where M is a positive constant; 
m 0) = 1, c’(0) = 1; (3111) 
there exists some p > 0 such that 
sup 
1 
It’(x) - 1 I 
XP 
:O<xdL <co. 
I 
(3,“) 
The positive parameter Iz is a constant, which plays the role of the 
Reynolds number. 
The assumptions (3,) and (3,,) ensure that for every continuously dif- 
ferentiable and positive function u: A + R, problem (l), (2) has a unique 
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solution u( t, x), which is defined and nonnegative for (t, x) E R + x A (see 
[S]). This solution may be written in the explicit form by the use of 
characteristics. This explicit form enables us to define formally solutions of 
our problem for every nonnegative and continuous initial function 
u: A + R. In this way we define some semidynamical system S= (S,: t > O> 
on the space of all such functions u. Our purpose is to study the properties 
of S on the invariant set of initial values u, satisfying the condition u(0) = 0. 
The behaviour of trajectories of the system S depends upon the parameter 
A. More precisely for 3, < 1 the zero-solution of (1) is globally 
asymptotically stable, and for 1 B 1, there exists a dense subset of u for 
which the trajectories (S,v: t 2 O> are turbulent in the sense of Base [2], 
(Theorem 1). In this sense, L plays the role of the Reynold’s number. 
It is wortwhile to observe that some of conditions (3) are not essential. 
In fact, the larger class of differential equations 
w, + 4x)wx = d-7 wh 
where d’(0) > 0 and g(0, 0) > 0 may be transformed to the form (1) by sub- 
stitution 
46 x) = w(t/d’(O), xl, 
c(x) =4x)/d’(O), 
f(x, u) = dx, uYgv2 01, 
2 = ‘0, 0)/d’(O), 
Equations (1) may be used to describe the growth of a population of 
cells which change their properties in time. The biological interpretation of 
this equation and of the coefficients c and Af may be found in [4-71. 
This paper is divided into two sections. In the first section, we formulate 
basic definitions and the main theorem of the paper. 
The second section consists of live parts which present the steps of con- 
struction ?f turbulent solutions. In Subsection II.A, we introduce some 
notions concerning characteristics and generalized solutions of the Eq. (1 ), 
which will be used throughout the paper. We consider here basic properties 
of characteristics and, in particular, the asymptotic behaviour of charac- 
teristics as t + --cc (Theorem 2). This result is some modification of a 
result of Wintner (see [3]). In subsection II.B, we use the characteristics to 
define generalized solutions of (1) and stationary solutions of (1). In IIC, 
we study the properties of stationary solutions of (1) in the case II = 1. Sub- 
section 1I.D is devoted to the construction of a large class of turbulent 
functions with some special properties. In this construction, we use the 
methods of ergodic theory of dynamical systems on compact manifolds. 
Finally, 1I.E contains the proof of Theorem 1. 
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I. MAIN RESULTS 
In this section, we shall formulate our main result on the behaviour of 
solutions of Eq. (1). First, we shall introduce some definitions. 
DEFINITION 1. A continuous function U: R, x A + R + is called a 
generalized solution of (1) if there is a sequence {u,} of class C’ satisfying 
(1) such that U, + u uniformly on compact sets. 
In the second section, we shall prove that for every continuous 
v:A+R+ there exists unique generalized solution of (1 ), which satisfies 
(2). 
We shall consider Eq. (1) with v = ~(0, . ) belonging to the space V which 
consists of all continuous functions u: A + R, satisfying 
lim sup v(x)/x < co. 
x \ 0 
(4) 
We shall adopt the topology of uniform convergence to V. 
In our main reult, we shall prove that for sufficiently large 1 the 
behaviour of solutions of (1) may be very complicated; “stochastic.” To 
describe this stochasticity we shall use the notion of turbulent (in the sense 
of Bass [a]) solutions of (1). 
DEFINITION 2. A continuous bounded function z: R, -+ R is called tur- 
bulent if the following two conditions are satisfied: 
(i) there exists a mean value 
and 
(ii) there exists a continuous correlation function 
y(s)= lim fjlT [z(t)--][z(t+s)--1 dt, SER, 
T-03 
and moreover y(O) # 0, lim, _ m Y(S) = 0. 
DEFINITION 3. We call the solution u of (1) turbulent, if for every x E A, 
x > 0, the function t + u(t, x) is turbulent in the sense of Definition 2. 
After these definitions we may formulate our basic result. 
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THEOREM 1. Let c and f satisfy (3). Under these assumptions the follow- 
ing hold true: 
(i) Zf /z < 1, then for every solution u of (1) with ~(0, .)E V, there 
exists uniform with respect to x E A 
lim u(t, x) = 0. 
t-m 
(ii) If J 2 1, then there exists a dense subset V,, of V such that every 
solution of (1) with ~(0, .)E V, is turbulent. 
II. AUXILIARY RESULTS AND PROOFS 
This sexction contains the proof of Theorem 1. We suppose here that c 
and f satisfy all conditions (3), formulated in the Introduction. 
1I.A. Characteristics 
In this part, we shall describe properties of characteristics of Eq. (1). By 
characteristics, we mean the solutions of the following system of ordinary 
differential equations 
x’ = c(x), (51) 
y’=~fb Y)Y. (511) 
Denote z = (x, y), F(z) = (c(x), i2f(x, y)y) and rewrite the system (5) in the 
compact form 
z’ = F(z). (6) 
(To simplify notation we shall omit the dependence of F upon 1.) From 
our suppositions on c and f it follows that F is a C’ map of A x R + into R2 
and, henceforth, for all (t;, II) E A x R, there exists unique solution 
of (6), which satisfies z(0) = (5, q). In fact, @ is a C’ function of its 
arguments (t, 5, q), and 
@(t, w.5 5, VI) = @(t + 3, if, v). (7) 
The group property (7) is satisfied for all t, s, t + s, for which is defined 
@( *, 5, q) and follows from the fact that @ is a solution of the autonomous 
differential equation (6). We say that @ is a local dynamical system on 
AxR,. 
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Analogously, the function cp is a local dynamical system on A as a 
solution of the autonomous differential equation (5,). The following simple 
properties of cp follows directly from (3,): 
cp(t, 0) = 0 for.all t E R; 
cp( 3, 5) is strictly increasing on the interval (- co, 01, where 
0 = w(5) 2 0 is a solution of cp(w, 5) = L, 
and 
lim cp(t, t)=O for 5 > 0. 
t--t -cc 
From (3,,), we deduce that $( ., 5, q), being a solution of 
Y’ = AY(rp(C 0, Y) Y, Y(O) = ?Y 
is defined on some interval (a, w(r)], where a = a((, q) ~0. We have 
a(& 0) = --co and $( t, l, 0) = 0 for all - co < t < o(t). In the case q > 0 
tj(t, t, r~) > 0 for all t E (a, 01. Let II+Ij be a fixed norm in R2. By condition 
(3uI), there exists some 6 > 0 such that f(z) > 0 for ll.zll < 6. This implies 
that $( *, 5, q) increases on (a, 0] for I[(& ?)I1 < 6 and, therefore, there exists 
lim ,+oL @(t, 5, II) which is a stationary solution of (6). Hence a(<, q) = --co 
and lim,, loo @(t, <, 9) = 0 for II(t, 91 II < 6. Denote 
G = {W, 5. vl): IIt& VIII < 4 - ~0 < t Q 40). 
From (7), we obtain 
PROPOSITION 1. For every (5, q) E G the solution @( +, <, q) is defined on 
the interval (- 00, o(l)] and 
lim @(t, 5, r~) = 0. 
t- -m 
We shall describe more precisely the behaviour of @ as t + -co in the 
case A= 1. Our result is a modification of the theorem of Wintner (see [3, 
Chap. X). 
THEOREM 2. In the case I = 1 there exists C’ function H: G + R2 with 
the following properties: 
(i) H(0) = 0, DH(0) = Z, 
(ii) H(@(s, z)) = e”H(z) for z E G and s < o(z), 
(iii) H(z) = lim,, m e’@( -t, z) for z E G, 
(iv) DH(z) = lim, _ m e’ D@( - t, z) for z E G. 
The convergence in (iii) and (iv) is uniform on compact subsets of G. 
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Here D denotes the Frechet derivative with respect to z E G, I is the iden- 
tity operator in R*. 
Proof of Theorem 2. Let 
Y( t, z) = eW( - t, z) for tER+ and zEG. (8) 
From (6) and (8) it follows that Y( t, z) is a solution of 
% Y = Y - e’F(eC’Y), 
Y(0, z) = z. 
Differentiating (9) with respect to z, we obtain 
(9) 
iDY=DY-DF(eC’Y)DY= [I-DF(e-‘Y)] DY, (10) 
DY(0, z) = I. (11) 
From (3,,,), it follows (we suppose here I= l), that DF(O)=Z. By (3,,), 
there exist positive constants 6,) R,, and p such that z E G and f(z) > 0 for 
Il.4 G d,, and 
IIWz) - 4 6 RI lIzlIp for llzll d 6,. (12) 
Applying Hadamard’s lemma to F, we obtain 
(DF(cz) -I) d& z. ] (13) 
From (9), (12), (13) the estimate 
dR2e-P’~/Yll’+P~R~e-PrIIYll (14) 
follows for 11 YII < 6, and some positive constants R2, R,, 6, < 6,. 
From (14) via Wintner’s theorem (or Gronwall’s inequality) we deduce 
the existence of some 0 < 6, < 6, such that 
for /z/l < b3 and t 2 0. (15) 
Using (lo), (12), and (15), we obtain 
< R4 epp’ llDYI( for llzll 6 b4 (16) 
TURBULENT SOLUTIONS 7 
with some R, > 0 and 6, > 0. From (16) the estimate 
IlD~~~, z)ll 6 R, for llzll < 6, and t 3 0 
follows for some R5 > 0 and d5 > 0, analogously to (15). Last inequality 
and ( 16) imply 
for llzll < &. 
Therefore there exists 
uniformly for all jlzll < 6,. It is easy to see that 
DY(t,O)=Z and Y( 1, 0) = 0. 
Hence, uniformly for llzll 6 6,, there exist the limits 
H(z) = lim !P(u(t, 2) and lim D!P(t, z). 
t-co I--r’X 
(17) 
It is obvious that H is of the class C’ and DH = lim, _ m D!P(t, z). The for- 
mulas (i) in Theorem 2 follows from (17) for llzll Q 6,. Let now K be a 
compact subset of G. In this case, there exists some T>O such that 
II@( --t, z)ll < 6, for ZE K and t B T. By (7), we obtain 
@(-t,z)=@(-(t-T),@(-T,z)) for t>TandzEK. 
Therefore, uniformly with respect to z E K, there exists 
H(z)= lim e’@(-tt,z)=eT lim e’-T@(-(t-T),@(-T,z)) 
t-m t-m 
= erH(@( - T, z)). 
This proves (ii) and (iii). Analogously, the existence of the limit (iv), which 
is uniform on K may be proved. This completes the proof of Theorem 2. 
Remark 1. Denote by h, and h, components of the function H in 
Theorem 2. It is clear that 
h,(x) = lim e’rp( - t, x) 
t-CC 
and the existence of h, does not depend upon ,J and y. It is also obvious 
that 
h,(O)=0 and -$h,(O)= 1. 
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1I.B. Generalized Solutions 
According to the classical method of characteristics for every C’ function 
u: A + R, the solution of (l), (2) satisfies the identity 
u(t, dt, 5)) = I(/(6 5,45)) for <EA. (18) 
The group property of local dynamical system cp implies 
dt, 5)=x iff cp(-t,x)=r. 
Hence from (18), we obtain 
44 xl = $(t, cp( -t, x), u(cp( - t, x))). (19) 
The last formula defines C’ solution of (l), (2) and proves the existence 
and uniqueness of classical solution, If we define u by (19) for continuous 
u: A + R, , then the u is continuous on R + x A and satisfies identity (18). 
It is easy to see that u is a solution of (l), (2) in the sense of Definition 1 
and that this solution is unique. Let C+(d) be the set of all continuous 
functions u: A + R, . Formula (19) defines a semidynamical system on 
C+(A). More precisely, for ueC+(A) and tER+, let S1u=u(t;), where u 
is defined by ( 1). From the continuity of cp and $ it follows that (t, u) + S, u 
is a continuous mapping of R + x C+(A) into C+(A) satisfying S,, = id,+,,,, 
Sr.Ss=S,+s for every t,sER+. Hence the family S= {S,: tER+} is a 
semidynamical system on C+(A). By simple computations, it may be 
proved that the set Vc C+(A) defined in the first section is invariant with 
respect to S. In the sequel, we shall study the properties of S on I/. To do 
this we shall express the solution u of (1 ), (2) by the stationary solutions of 
(1 ), that is, by the solutions of the ordinary differential equation 
c(x) fg = Af(x, w)w. (20) 
Let G c A x R + be the set defined in Subsection 1I.A consisting of all 
(t,v)~AxR+ for which lim, _ --m @(t, 5, q) = 0, and let G, = 
{KrlWX>O}. F or every (r, q) E G,,, let W( *, 5, q) denote the solution 
of (20) which satisfies w(c) = q. Applying the method of characteristics to 
(20), we obtain the formula 
From (21) and Proposition 1 follows that W( ., g, q) is defined for every x 
of the form x = cp(t, <), that is, for every x E (0, L] and that 
lim ILO W(x, 5, q)=O. Defining W(x, 5, q) by (21) for x= cp(t, <) and 
setting W(0, t, 9) = 0, we obtain a continuous map of A x G into R + which 
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is continuously differentiable for (x, 5, q) E (0, L] x G,,. Let (5, r~) E Go and 
let x = cp(t, 5). This equality implies 5 = cp( - t, x), and from (21) we obtain 
wx, cp( - 4 xl, II) = vet, d - 6 xl, rl). (22) 
Combining formulas (19) and (22), we may express the solution u of 
(1 h (2) by K namely, 
46 x) = W(x, cp( - t, xl, u(cp( -6 x))). (23) 
Equality (23) is valid for suliciently large t > 0, because 
(cp( - t, x), u(cp( - r, x))) tends to 0 uniformly with respect to x E A and 
(cp( - t, x), u(cp( -t, x))) E G for large t > 0. 
1I.C. Properties of the Function W in the Case 1= 1 
In this subsection, we shall assume that A= 1. Under this assumption, we 
shall study the properties of the solution W of (20) as x + 0. 
PROPOSITION 2. For every (5, q) E Go the function p(x) = W(x, 5, q) is 
differentiable at the point x = 0. 
Proof Let (5, q) E G,. For every x > 0 there exists some t E R for which 
x= cp( - t, 5) and x+0 is equivalent to t + co. Hence from (21) and 
Theorem 2, we obtain 
-P(X) p’(0) = lim - = H-4 5, VI 
XL0 x ,‘E rp(-t, 5) 
= lim 4(-t, 5, ~1 ML r) =- 
r-cc e’cp(-t, 5) h,(5) ’ 
(24) 
where h,(5) and MtJ,r) are components of the limit function H in 
Theorem 2. From the point (i) of Theorem 2, it follows that h,(t) > 0 for 
small g > 0; from (ii), we obtain h 1(t) > 0 for every 0 < 5 d L. Hence the 
derivative W,(x, 5, v])l,=, is correctly defined by (24). 
THEOREM 3. Let c and f satisfy all conditions (3) and let I = 1. Under 
these assumptions 
(i) For every CI Z 0, there exists a unique solution @( *, a) of Eq. (20) 
satisfying 
w(0) = 0 and w’(0) = a. (25) 
This solution is defined for every x E A and continuously depends upon 
(x, a) E A x R + . For every x > 0 the function @(x, . ) is strictly increasing. 
10 KRZYSZTOFLOSKOT 
(ii) For every E > 0 and K > 0, there exists 6 > 0 such that 
I Wb> 5, vl) - w> 1/5)1 < E (26) 
for every x E A and every (5, n) E Go satisfying 11 (r, n) 11 < 6, n/r < K. 
Proof Let g(x) = sup{ y: (x, y) E G} for x E A. From the definition of G 
follows that G = lJxed{x} x [0, g(x)). Using Proposition 2, we obtain 
(27) 
for XE A and 0 <q < g(L). From Theorem 2, it follows directly that 
q -+ h,(L, n)/h,(L) is a strictly increasing C’ mapping of [0, g(L)) onto 
R, . Uniqueness of solutions of ordinary differential equations implies that 
W(x, L, .) is strictly increasing. Hence W is continuous and increasing with 
respect to a. Uniqueness of m( ., a) follows from the uniqueness of 
W( ., L, q). The proof of (ii) is also elementary and will be omitted here. 
1I.D. Turbulent Functions 
In this subsection, we shall prove the existence of turbulent functions 
(Definition 2 in Sect. I) with some special properties. A large class of tur- 
bulent functions was constructed by Bass in [2]. In our construction, we 
shall use the standard facts of the ergodic theory of dynamical systems on 
compact differentiable manifolds [ 11. 
THEOREM 4. There exists a continuously differentiable turbulent function 
z: R + + R + such that the composition P 0 z is turbulent for every continuous 
strictly monotone function P. 
Proof: Let A4 be a compact, smooth (of class Cm) manifold and let 
T= {T,: t E R} be a smooth dynamical system on M. This means that 
T, = T(t, a), where T is a smooth mapping T: R x M--t M, satisfying the 
conditions T, = id,, T, 0 T, = T, + s for all t, s E R. Suppose that T is mixing 
with respect to some nomalized Bore1 measure CJ on n/i, that is, 
r~( T,(A)) = a(A) for every Bore1 subset A c M and 
lim j x(T,(m)) p(m)‘ddm) = 1 x(m) 4dm). !*, p(m) 4dm) (28) r-m .&f M 
for x, p E C(M), where C(M) is the space of all continuous functions on i&f. 
We suppose the measure 0 to be nonvanishing on open nonempty sets. The 
existence of such dynamical system is proved in [ 11. The space C(M) is 
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separable. Thus, accordying to the Individual Ergodic Theorem, there 
exists a point m, E A4 such that 
for every XE C(M) (in fact, the set of all such points m, is of the full 
measure a). Hence, for every x E C(M) and z(t) = x( T,(m,)), there exist a 
mean value 
2~ lim 1 
K-cc 
X[oK~(~)dt=j xdu 
M 
and a continuous correlation function 
= 
s 
[xoT,-?][I-Z] da. 
M 
The last formula and (28) imply 
~(0) = jM (x - 3’ da 
and 
1 
2 
(x-F)do =O. 
Hence, if x E C’(M), x 3 0, x # const., then the z is a turbulent function of 
class C’. Moreover, the composition P 0 z is also turbulent for every con- 
tinuous strictly monotone function P. In fact, 
(Paz)(t) = (Pox)(T,hJ), 
which implies that P 0 z is turbulent, because P 0 x E C(M) and P 0 x is not 
constant. This completes the proof. 
Remark 2. It is obvious that for every turbulent function z and to > 0, 
the functions t + z(t + to) and t + z(t) + e(t), where lim, j oLI = 0 are tur- 
bulent. 
1I.E. Proof of Theorem 1 
First, we shall prove the assertion (i). In the proof we shall use some 
facts of the theory of differential inequalities [8]. 
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Suppose that I -C 1, and let r > 0 be a number such that 
A&, y)<(l +A)/2< 1 for (x, Y) E G,, (29) 
where G, = {(x, y) E A x R + : max{ x, y f < r }. The existence of such r 
follows from (3,,,). Let u be a solution of (1 ), (2) with u E I/. From (4) it 
follows that sup,,,, u(x)/x < co. The last inequality and Remark 1 imply 
that 
supmax{cp(-&x),u(cp(--t,x))}<Ke-’ 
XEA 
(30) 
with some positive K. Hence 
(d - t> xl, u(cp( - t, x))) E G, (31) 
for x E A and t > to, where the positive constant t, does not depend upon 
x E A. 
From (19) follows that u(t, x) is the value of the solution of the problem 
for s = r. 
Y’(S) =Vzf(cp(s - cxl, Y) Y> 
Y(O) = u(cp( -4 xl) 
(32) 
Let t > t,,. From (30), it follows that 
cp(s-t,x)<r for O<s<t-lt,. (33) 
Introduce the comparison problem 
1+3, 
z’(s) =-y- z, 
z(0) = Ke-‘. 
By a simple computation we obtain 
z(s) <K, e-c’ -‘)“* for O<s<t-to, (34) 
where K, = Ke-(’ + 1)zo’2. H ence there exists some t, > t, such that z(s) < r 
for 0 < s < t - to and t > tI . From the last inequality and (29)-( 34) via com- 
parison theorem, we obtain 
y(t- to) 6 K, e-(‘-‘)t/2 for t>t,. (35) 
To estimate y for t - t, < s < t we shall use the inequality y’ < AMy which is 
a consequence of (3,,,). This inequality and (35) imply 
y(t)<K2ep(1-“)‘/2 for t>t,, 
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where K2 = K, e““‘O. Hence 
u(t, x) = y(t) < K2 e-(‘-“)“2 for t>t, and xEA, 
where positive constant K2 does not depend upon x E A. This means that 
lim t-00 u(t, x) = 0 uniformly with respect to x E A, what completes the 
proof of (i). 
Now let II = 1. We shall prove that there exists at least one turbulent 
solution of (I), (2) with u E I’, Let z : R + --, R + be C’ turbulent function for 
which the superpositions PO z0 are turbulent (with continuous strictly 
monotone P), The existence of such z0 follows from Theorem 4. Define u0 
by the’formula 
uo(cp( - 6 L)) = zo(t) d -c L) for tER,, 
u,(O) = 0. 
(36) 
The function u0 is continuous for x > 0 and 
lim sup vo(x) - = lim sup 
zo(t) d -4 L) < sup z()(t) < co. 
x - 0 X z-00 9(--t, L) tsR+ 
Hence u. E V. Let u. be the solution of (1) satisfying ~~(0, x) = uo(x). From 
(23), (26), and (36) we obtain 
uo(t, L) = W(L, cp( -6 L), uo(cp( - t, L))) = WL, z,(t)) 
+ WL cp( - 4 L), z,(t) $4 --t, L)) - m, z,(t)). 
This formula and Theorems 3 and 4 imply that uo( ., L) is a turbulent 
function. In fact, t -+ @(L, zo(t)) is turbulent by Theorems 3(i) and 4, and 
lim ( WL, cp( - 4 L), z,(t) 40( - 6 L)) - @CL, z,(t))) = 0 
I-m 
by Theorem 3(ii). For O<x < L, there exists to>0 such that 
x = cp( - to, L). Hence 
which proves the turbulence of uo( +, x) (analogously to the case x = L). 
Now we shall prove that for arbitrary A > 1, there exists at lest one tur- 
bulent soluion of (1). To do this, choose differential equation 
ii, + c(x)& =7(x, ii)& (37) 
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where 3(x, U) = f( x, u”). The function 3 satisfies assumptions (3,,), (3& 
and therefore there exists a turbulent solution O0 of (37) with L&,(0, .) E V. 
This follows from the proved part of Theorem 1 for A = 1. From this proof, 
it also follows that ii0 may be choosen with the property that ii$., x) is tur- 
bulent for every x > 0. But u0 = iit is a solution of (1). Hence for every I > 1 
the set V,, is not empty (this set depends upon A). Finally, we shall prove 
the density of VO. To do this, observe that for fixed o0 E V the set r0 of all 
u E V which are equal to v,, on some interval [0, E] (depending upon u) is 
dense in V. It is also easy to see that the function u E V, which is equal to 
u,(O, .) on some interval [0, E], where u,, is a turbulent solution of (l), 
generates a turbulent solution of (1). Hence the set V0 is dense in V. This 
completes the proof of Theorem l(ii). 
REFERENCES 
1. D. ANOKIV, Geodesic flows on closed Riemann manifolds with negative curvature, Proc. 
Steklov Inst. Math. 90 (1967). 
2. J. BASS, Stationary functions and their applications to turbulence, J. Mat. Anal. Appl. 47 
(1974), 354-399; 485-503. 
3. PH. HARTMAN, “Ordinary Differential Equations,” Wiley, New York, 1964. 
4. A. LASOTA, Stable and chaotic solutions of a first order partial differential equation, Non- 
linear Anal. 5 (1981), 1181-1193. 
5. A. LASOTA, Invariant measures and a linear model of turbulence, Rend. Sem. Math. Univ. 
Padova 61 (1979), 42-51. 
6. D. G. OLDFIELD, A continuity equation for cell populations, Bull. Math. Biophys. 28 (1966), 
545-554. 
7. S. I. RUBINOW, A maturity-time representation for cell populations, Biophys. J. 8 (1968), 
1055-1079. 
8. J. SZARSKI, “Differential Inequalities,” Monografie Matematyczne 43, PWN-Polish Scien- 
tific Publishers, Warsaw, 1965. 
9. P. WALTERS, “Ergodic Theory-Introductory Lectures,” Lecture Notes in Mathematics, 
Vol. 458, Springer-Verlag, Berlin 1975. 
